In this paper, we analyze the fractal properties of the generalized Chaikin corner-cutting subdivision scheme with two arbitrary parameters. On the basis of the discussion of limit points on the limit curve, the fractal range of the scheme is obtained and illustrated. The results obtained suggest a clear direction for generating fractal curves by using this scheme. Two fractal examples and their complexity evaluation results obtained by using the box dimension are given.
Introduction
A subdivision scheme defines a curve from an initial control polygon or a surface from an initial control mesh by subdividing them according to some refining rules, recursively. Subdivision schemes can be classified into interpolatory subdivision schemes and approximate subdivision schemes. The earliest approximate subdivision scheme, the famous Chaikin corner-cutting subdivision scheme [1] , was proposed in 1974. De Boor extended the Chaikin corner-cutting scheme to a more common corner-cutting process in [2] with positive corner-cutting parameters. Dyn et al. [3] analyzed its C 0 and C 1 -continuity properties. Later many classical subdivision schemes were proposed, for example, Dyn et al. [4] described a four-point interpolatory subdivision scheme, and Hassan and Dodgson [5] proposed a three-point ternary interpolatory one.
Smooth and fractal curves can be generated by using subdivision, but little attention has been paid to the fractal properties of subdivision schemes. Recently, Zheng et al. [6, 7] proved that the subdivision limit curves generated by the four-point binary and the three-point ternary interpolatory subdivision schemes can really be fractals on keeping the corresponding subdivision parameters within some special ranges. But the fractal properties of other subdivision schemes are not known. In this paper we analyze the fractal properties of the generalized Chaikin corner-cutting subdivision scheme with two arbitrary parameters.
The C 0 range of the generalized Chaikin corner-cutting subdivision scheme
The generalized Chaikin corner-cutting subdivision process can be described as follows:
Given the set of initial control points P
be the set of control points at level
satisfy the following rules recursively:
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The generating polynomial of the generalized Chaikin corner-cutting subdivision scheme marked as S is
Let the first-order divided difference subdivision scheme of S be S 1 ; then the generating polynomial of S 1 is
and ‖ S 1 ‖ ∞ < 1, so the scheme S is uniformly convergent [8] . That is to say, when α, β belong to the range D = {(α, β) : |1 − α| + |β| < 1, |α − β| < 1} (see Fig. 1 ), the scheme S is C 0 -continuous. In the next section, we will analyze the fractal properties of S on the basis of the range D.
Fractal properties of the generalized Chaikin corner-cutting subdivision scheme
Because the generalized Chaikin corner-cutting scheme is an approximate subdivision scheme, after every subdivision step, the new set of control points that we obtain is totally different from the set of control points in the previous subdivision. We can't analyze its fractal properties directly by proving that the length of the segment between two arbitrarily fixed points is not rectifiable [6, 7] as we did in the case of interpolatory curves. In this section, we first focus on finding limit points on limit approximate curves which exist on every subdivided control polygon, and then do the fractal property analysis.
From the corner-cutting process, we know that for an arbitrary segment P on it, and the two new points P
on it will be closer and closer to obeying certain laws. Thus, when the subdivision level k tends to infinity, P
will tend to a common point on it. We call this the limit point on the segment P 0 i P 0 i+1 and mark it as P * i . This point is the intersection of the limit curve and the segment P 0 i P 0 i+1 . We may define an operator * such that * (P
Now we come to the location of the limit points. 
Proof. For simplicity we discuss two fixed control points P 0 0 and P 0 1 , and then we only need to calculate the limit point P * where
When α, β belong to the range D, we have 0 < α − β < 1; hence
When k tends to infinity, the two points P k 0 and P k 1 both tend to one point, that is the limit point P * 0 , so we have
Now we can analyze the fractal properties by proving that the length of the segment between two arbitrary limit points on limit curves is not rectifiable.
Suppose P * i and P * j are the limit points on two arbitrary segments of the initial control polygon. We need to analyze the effect of α and β on the sum of the length of all the small edges between these two points after another k subdivision steps.
For simplicity we discuss two adjacent fixed limit points: P * 0 and P * 1 . From the definition of operator * and Eq. (2) we have
After analyzing, we know that there are 2 k + 1 small edge segments between P * 0 and P * 1 after k subdivision steps. They are P *
What we need to compute is the sum of their lengths. For simplicity we add two small edge segments: P k 0 P * 0 and P * 
After k subdivision steps, denote two typical small edge segments chosen from
By solving linear the difference Eqs. (3) and (4), we can obtain
where
1 . Then we have the following theorem. Fig. 2) ; then for (α, β) ∈ F , the limit curve of the generalized Chaikin corner-cutting subdivision scheme is a fractal curve.
Proof. From Eq. (5) we may conclude that after k subdivision steps, 2 k + 1 small edge segments:
can be expressed as
where α ij ̸ = 0, i = 1, 2, 3. Since (α, β) ∈ F , we get 0 < α − β < 1, 0 < 1 − α < 1, and − 1 2
< β < 0, 1 < 1 − β < Let | | denote the length of a segment and |E
Thus, the sum of the lengths of the 2 k + 1 small edge segments between limit points P * 0 and P * 1 can be calculated as follows:
That is to say, the sum of the lengths of all the small segments between limit points P * 0 and P * 1 grows without bound when k tends to infinity. So when (α, β) ∈ F , the limit curve of the generalized Chaikin corner-cutting subdivision scheme is a fractal curve due to the unboundedness.
Application and examples
In this section we apply the fractal properties of the generalized Chaikin corner-cutting subdivision scheme to the generation of fractal curves. Fig. 3 shows two examples of approximation of fractal limit curves produced by applying the generalized Chaikin cornercutting subdivision scheme after eight subdivision steps based on the same initial control polygon. The initial control polygon is drawn as dashed lines, and the subdivision curves are drawn as full lines. The curves in Fig. 3 respectively. Dimension is a basic invariant of a figure and fractal dimension is an invariant of a fractal measuring its complexity. By evaluating the box dimension of the curves in Fig. 3 numerically, we get that the fractal box dimension of the curve in Fig. 3(a) is about 1.4725, and the fractal box dimension of the curve in Fig. 3(b) is about 1.5034.
Conclusions
In this paper, the properties of the limit point of the generalized Chaikin corner-cutting scheme are proposed. On the basis of this result, its fractal properties are discussed. The fractal range of the scheme is obtained and illustrated. Fractal curves can be generated quickly and directly by using this scheme and their shapes can be adjusted.
Future work should aim at the theoretical analysis of the fractal dimension of the fractal curves generated.
